Lubrication is an important phenomenon in a wide field of industry such as automotive, aerospace, mechanical transmission systems, and many others. The viscosity of fluid is a determining factor in the thermal behaviour of lubricant and solid surfaces in friction. In practice the viscosity varies strongly as a function of local pressure and temperature. In this study we are interested in the effect of temperature on the viscosity and the thermal behavior of the lubricant. We solve the dynamic and energy equations under non-linear conditions considering that the viscosity decreases following an exponential law of the temperature as it is known in the literature,
Introduction
Temperature plays an important role in the lubrication phenomenon. The thermal behaviour of lubricant, particularly for thin films, controls the performance of frictional devices. This problem is encountered in several industrial systems such as gear, bearings, journal bearing, metal forming, and others. The heat flux generated by friction, and also the velocity and temperature of the film depend strongly of the viscosity of the lubricant. The latter varies strongly as a function of local pressure and temperature. Several studies were developed in the literature to analyse the thermo-hydrodynamic phenomenon of lubricants [1] [2] [3] [4] . All show that the nature of lubricant and its temperature dependence are determining in the behaviour of frictional systems. Several studies show that friction causes very high flash temperature (e. g., [5] [6] [7] ).
An analytical study was developed recently to analyse the effect of the velocity of wall on the temperature of a thin lubricant film [8] . The viscosity was considered independent of the temperature. In practice the viscosity varies strongly as a function of the local temperature. This behaviour leads to solving non-linear equations. Several studies were devoted to a non-linear phenomenon in heat transfer [9] [10] [11] . Authors suggested various methods to solve the non-linear governing equations. Each method depends of the nature of the non-linearity.
In this study we are interested in the effect of temperature on the viscosity and the thermal behaviour of the lubricant. We solve the dynamic and energy equations under non-linear conditions considering that the viscosity decreases following an exponential law of temperature as it is known in the literature.
The analytical solution is compared to a numerical modelling using a finite difference methods (FDM). The results show an excellent agreement.
We analyse the effect of the viscosity coefficient, β, on the velocity and the temperature in the thin lubricant film.
Problem description
Consider the frictional system which consists of two moving bodies (1) and (2), fig. 1 , separated by a thin lubricant film, with depth, δ, (the order of magnitude of a micron) and the length, L, (L  δ). Heat flux is generated by shear of the lubricant. We consider that the temperature at the entrance (x = 0) is uniform and equal to T e , and the walls (1) and (2) are at a uniform temperature T 1 and T 2 , respectively.
Governing equations
The behaviour of the lubricant film is governed by the momentum eq. (1) which is simplified and the energy eq. (2). The dynamic viscosity is dependent of the local temperature following an exponential law eq. (3):
The boundary conditions are given by the following equations:
As a first step, we consider that ∂P/∂x = 0, so eq. (1) becomes: Usually, the convection term is less than the conduction one, then we can consider that:
Equation (2) becomes:
Analytical solution
By integrating eq. (1a) it follows that:
where A is a constant. Substituting eq. (1b) in eq. (2a) we obtain:
Multiplying eq. (2b) by ∂T/∂y, and integrating leads to:
where C and D are constants. Substitution eq. (2c) in eq. (1b) we find the velocity profile:
where B is a constant. The constants A, B, C, and D are determined by using the boundary conditions given by eqs. (4) and (5).
Particular case: T 1 = T 2 = T 0
Considering that T 1 = T 2 = T 0 , we obtain all the constants under an explicit form: 
and the solutions (1c) and (2c) become:
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Considering the following dimensionless quantities:
eqs. (1d) and (2d) become:
Numerical modeling for validation
To validate the analytical solution, the governing eqs. (1) and (2) are solved by using a numerical modelling based on the FDM. The mesh is denoted i in the x-direction and j in the y-direction. The space steps are ∆x and ∆y, respectively.
After the discretization of the governing equations we use an iterative method for their solving.
First, consider the momentum eq. (1) which can also be written:
The discretization of eq. (8) by the FDM leads to:
The viscosity μ i,j and its derivative (dμ/dT) i,j are explicit functions of the temperature from eq. (3).
To prepare the iterative process, we extract u i,j from eq. (9) such as:
The discretization of energy eq. (2) leads to:
That gives T i,j under the following form:
Equations (10) and (11) are completed by the boundary conditions given by eqs. (4) and (5) .
To solve the systems (10) and (11) we use the iterative method (successive over relaxation -SOR) which is a generalization of and improvement on the Gauss-Seidel method. The principal of this method consists in the computing a given function at the iteration (k+1) ( 1) ,
by using a linear combination between the value at the previous iteration (k) ( ) , k i j f and that estimated during the iterative process f i,j . The latter uses a combination of temperatures computed at the iterations (k) and (k+1). A relaxation coefficient ω is introduced for this process such as:
(1 ) 
Results

Validation
To validate the proposed analytical solution we consider a general case for which the temperature of walls are different and the viscosity varies strongly as a function of the temperature. We use the data given by tab. 
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Figures 2 and 3 compare the analytical and numerical results for velocity and temperature profiles, respectively. This comparison shows an excellent agreement between both methods.
Particular case:
The velocity profile through the thickness of the film is given by fig. 4 for different values of the dimensionless viscosity coefficient β * . The particular value β * = 0 corresponds to the case of a constant viscosity μ(T) = μ 0 = C for which the velocity profile is linear (Couette flow). More β * value increases more the velocity profile is deformed and approaches the walls velocities.
Temperature profiles for the same conditions that those of the velocity are given by fig. 5 . Because T 1 = T 2 in this particular case, the maximum of the temperature is located at y = δ/2. The increasing in β * leads to the decreasing in the viscosity and then in the temperature level.
Other cases with:
For these cases, we use the data given in tab. 1 and we consider several values of the viscosity coefficient, β. Considering the boundary conditions given by eqs. (4) and (5) we determine the values of constants A, B, C, and D. Table 2 gives the values of these constants for each value of β. Figure 6 shows the velocity profile through the film. The velocity gradient is small near the coldest wall (here wall 1, y/δ = 0). This local behaviour is due to the effect of the viscosity which is high for small temperatures. This behaviour is inversed near the hottest wall (here wall 2, y/δ = 1) also due to fact that the viscosity is small for high temperatures.
The temperature profile is given by fig. 7 . We note that the maximum of temperature is moved from the centre to the hottest wall (wall 2) when the value of β increases. There is an asymptotic behaviour for which the temperature becomes linear across the film when the value of β is high. 
Conclusion
In this paper an analytical solution is proposed to determine the velocity and the temperature profiles in a thin lubricant film separating two moving solids. The dynamic viscosity is considered dependant of the local temperature. The governing equations are then non-linears. The proposed solution is easy to use and allows to investigate several situations of lubrication. The comparison of results given by the analytical solution to those obtained by a numerical solving shows an excellent agreement.
The results show that the dependence of the viscosity to the temperature has an important effect on the behaviour of the velocity and the temperature profiles in the lubricant film. 
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